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O ' We derive analytic expressions for high energy 2 — > 2 off-shell scattering amplitudes of 
weak vector bosons. They are obtained from six fermion final states in processes of the 
type e~^e~ + iWW) + i^e — > z/e + {lv){lv) + Ve- As an apphcation we reconsider 

Q-i! the unitarity bounds on the Higgs mass. Particular attention is given to the role of the 
\ photon exchange which has not been considered in earlier investigations; we find that the 
photon weakens the bound of the Higgs mass. 

><■ 

S 1 Introduction 

The elastic scattering of weak vector bosons plays a central role in our understanding of 
the electroweak sector of the standard model. It is known that, without any Higgs, these 
scattering processes have a bad high energy behavior, i.e. they start to violate, at energies 
of about ~ ITeV, bounds derived from unitarity. The Higgs mechanism cures this defect; 
but if the Higgs mass is larger than about ~ ITeV the weak sector becomes strongly 
interacting, and the use of low order perturbation theory becomes insufficient. So there is 
little doubt that the high energy behavior of heavy vector boson scattering carries much 
information on the electroweak symmetry breaking. 

Although the field has already a rather long history [21 El IH El El 13 El, there still 
remain aspects which deserve further studies. One is the stability of the heavy vector 
bosons in the electroweak sector. Most of the existing studies consider the scattering 
of on-shell vector mesons, i.e. the heavy gauge boson is treated as a stable particle. 
A more realistic investigation has to include both the production and the decay of the 
bosons which necessarily leads to off-shell bosons, both in the initial and in the final state. 
Secondly, a full analysis of boson scattering in the electroweak sector includes the photon: 
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Figure 1: e~^e ^ Qf. 

because of the photon pole in the t-channel, on-shell vector boson scattering, strictly 
speaking, is not defined in the forward direction. In this paper, we attempt to address 
some of these issues in the framework of more 'realistic' off-shell scattering processes. 

One of the possibilities of embedding vector scattering, e.g. the elastic scattering of 
two W bosons, into a 'realistic' process is the six fermion process e"'"e~ — > 6/: (Fig^. 
In order to isolate 'incoming' W bosons for the WW scattering subprocess, one has to 
consider the process e~^e~ — > 6/ in the restricted kinematic region where the produced 
WW pair lies in the central region, i.e. in rapidity it is well-separated from the fragments 
of the incoming leptons, the z/e and the Ue- In this region the t-channel W^s serve as 
incoming bosons: they are radiated off the incoming electron and positron, and their 
momenta are spacelike and off-shell. Also the 'outgoing' W bosons are off shell, but, in 
contrast to the 'incoming' W bosons, they have timelike momenta. In order to simulate 
WW scattering at high energies, we need the subenergy of the WW subprocess to be 
as large as possible. A computer-based analysis of this class of six-fermion processes has 
been given in |n|. In our paper we derive analytic expressions for the vector scattering 
subprocesses which can be used for further theoretical investigations. As an example, 
we will study the influence of the Higgs particle on the high energy behavior of WW 
scattering; an aspect of particular interest is the role of the photon pole in the unitarity 
bound. 

In section 2 we derive expressions for the process e"'"e~ —>■ 6/ which are valid in the 
kinematic region described above. In section 3 we discuss a unitarity condition for the 
WW scattering subprocess, and we discuss the role of the photon pole. We also comment 
on the role of the instability of the W boson in the unitarity equation. 

2 The processes e^e~ 6/ 

We begin with elastic WW - scattering which appears as a subprocess of the reaction 
e"'"e~ — i> 4:f Our notations are indicated in Fig.l, and a few diagrams are illustrated 
in Fig. 2. In particular, s = {pa +PbY denotes the squared energy of incoming electrons, 
and s = (gi + ^2)^ the mass squared of the produced WW system. In order to obtain a 
meaningfuU off-shell extension of high energy WW scattering, we consider the so-called 
multi-Regge limit: the squared masses of the "incoming" PF- momenta, ti = qf and t2 = ql, 
and of the "outgoing" momenta, Mf = {ki + ^2)^ = and M| = (^3 + k^)'^ = k^^ are of 
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Figure 2: A few diagrams contributing to the process e'^e — > i^e 4/ Ue- 



the order O (s°) =0 (M^). Inside the subprocess: qi + q2 — ^ ^12 + ^34 we consider the high 
energy hmit s 3> ti, ^2, ^1, ^ = (?i ~ ^12)^ = 9^, where t = O (s°). Bounds on the 
Higgs mass which follow from unitarity constraints, usually, are studied in the fixed angle 
limit, s ~ In this paper we prefer the Regge limit, s ^ t. In this kinematic region the 
scattering amplitudes for vector - vector scattering take a particularly simple factorized 
form. Further below we will briefly indicate how the known results for on-shell scattering, 
derived in the fixed-angle limit, can be re-derived also in the Regge limit. As an important 
feature of the kinematic limit which we are going to investigate, the momentum transfer t 
of the subsystem is always negative and never reaches 0. The minimal value of \t\, — imin, 
is given by: 

s 

Here the leading term is always less or equal to zero, since 

ti,t2<ml and Ml,Ml>ml. (2) 



In the sum of all graphs which contribute to the matrix element we retain only those 
which, in the multi- Regge limit, contribute to the leading power of energy. This includes 
the diagrams with vector bosons in the exchange channel (Fig.2a,b,c) and eliminates those 
where fermions are exchanged (Fig.2d). Furthermore, we distinguish between 'resonant' 
(Fig.2a,b) and 'nonresonant' (Fig.2c) graphs: the former ones contain a W pole in the 
Ml and in the M2 channel, whereas the latter ones do not. Omitting the graphs of type 
2b or 2c would lead to incorrect gauge dependent results. 

The sum of all graphs which contribute to the multi- Regge limit can be written in the 
simple factorizing form: 
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Here Ti,y\Y denotes the coupling of the virtual W boson to the incident electron or 
positron. In the high energy limit the helicity flip amplitudes are supressed. Therefore, the 
coupling contains a helicity conserving Kronecker 6xy where A (A') refer to the incoming 
(outgoing) fermion. Since W bosons only couple to left handed fermions, an additional 
^A,- appears. Other vector scattering processes, such as WW ZZ, 77 WW, 
or WZ — i> WZ factorize in the same way. We therefore present the results for these 
couplings in a general form which is applicable also to these processes. Because of its 
different couplings to left and right handed fermions, the emission of a virtual Z has a 
term proportional to 5a,-; and another one proportional to 6x,+ The emission of a virtual 
photon, on the other hand, is chiral invariant. We obtain: 

^luw =^h\'h- ^iiz =-^h\' {{si, - c^)5a - + 2s^5a,+) ^ii-f =gwSwh\', (4) 

where = sin Qw and = cos Qw are our shorthand notations for the sine and cosine 
of the Weinberg angle, and denotes the weak coupling constant which is connected to 
the Fermi constant Gp via T^rfr = 

oM-^Y V i 

Next we turn to the effective production vertices on the rhs of 0- For the general 
subprocess V1V2 ^ V3 — * fah (Fig.3) it is of the form: 




Figure 3: The effective vertex Tv^v2{V3^fah)(Pi^P'2^Pa,Pb) 

Here Vi and V2 are the upper and the lower 'incoming' virtual vector bosons with 
momenta pi, p2 and masses Mv^, Myj, resp. The part ^ViV2V3 eq.(jS} contains 

the 'resonant' graphs with a particle pole of the produced vector boson, while r'^^^^^^_^^^ 
stands for the 'nonresonant' ones (last two diagrams of figure EJ. The analytic form of 
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cni: 



V1V2V3 

K.V2VS = iP^^ - P^^r - ( «i + ^"-^^) p'a + [f32 + ^"-^^ ] p'b- (6) 



Here we have made use of the Sudakov decomposition of the momenta Pi = aiPA + PiPs + 
Pi±. The coefficients x denote the triple vector boson coupling constant: 

X{WZ{W It)) =g^c^ x{Wj{W ^ It)) = - g^s^. (7) 
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All other couplings x can be obtained by using the relations x(^i^2V3) = x(^2V3Vi) and 
= ~xiy2ViV^). The 7-matrices d describe the coupling of V3 to its decay 

products: 

d {W+ ^ Z//+) =d{W- ^ I-V) =^UJL 

v2 
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where wl = |(1 — 75) {ujr = |(1 + 75)) project on the left handed (right handed) spinors. 
For the nonresonant production vertex we find: 
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In this expression we have introduced the convention p = {p^ + ipy){'~f^ 
{Px — Wy){.l^ + ^7^)- The coefficients Ki and ^2 are given by 
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where the remaining couplings ki and K2 can be constructed via Ki(ViV2fafb) 

With these building blocks it is easy to construct the scattering amplitudes for all off- 
shell vector boson scattering processes in the multi-Regge limit. Elastic WW scattering 
is a subprocesss of the process e'^e^ Ue{i'l+){l-J^)i'e^ and the amphtude has already 
been given in 0. The subprocesses WW ZZ and WW — > 77 are contained in the 
2 — > 6 process e^e~ — > z/e(/r^^)(^2 ^2')'^e- The corresponding 2 — 6 scattering amplitudes 
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are: 
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Similarly, the subprocesses ZZ WW and 77 — > WW are part of the 2^6 process 
e^e~ —>■ {i'^l^){l2 1^2)^' , ^"^^ their scattering amplitudes are: 
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Finally, the subprocesses WZ ZW, WZ — ; 
contained in the 2^6 scattering processes e~^e~ 



'yW, W'j ZW and W'j 'yW are 
h'e{lilt)i^2^t)^' ■ The corresponding 
scattering amplitudes can be constructed from the vertices listed above. Note that vector 
boson scattering processes which are made up of just Z's and 7's, such as 77 — > ZZ, do 
not exist on the tree level but require at least one loop. 

As we have said before, inside these physical 2 — 6 inelastic processes the 2 — > 2 
vector-vector scattering processes appear as off-shell subprocesses, and they contain both 
longitudinal and transverse polarizations of the vector bosons. As an example, let us 
take the 2^6 process in eq.Q, and consider the effective production vertex in 
As explicitly shown in ^T], the produced W vector boson, in the overall center of mass 
system, can have both transverse or longitudinal polarization. Transforming to the center 
of mass system of the produced pair of W bosons, we still have all three polarization 
states of the two W bosons. Moving on to the particle poles in the ti and ^2 channels and 
making use of helicity conservation, we conclude that we are dealing with a superposition 
of transverse and longitudinally polarized vector bosons, both in the 'incoming' ti and ^2 
channels and in the 'outgoing' Mi and M2 channels. 

A separation of the different polarization starts from the angular distribution of the 
two fermion decay of the 'outgoing' vector boson. Let us again consider the WW —>■ WW 
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process contained in eq.Q- Moving into the rest frame of one of the 'outgoing' W 
bosons, and denoting the decay angles of the two decay products by 9i and vr — 9i, the 
decay amphtude of an on-shell transversal polarized W behaves like 1 ± cos 6i , while for a 
logitudinal polarized W it is proportional to sin^j [T21II31- Hence, by a suitable projection 
we can separate the different outgoing polarization states. An analogous statement holds 
also for 'outgoing' Z bosons. By further making use of helicity conservation at the effective 
production vertex, this separation of polarization extends also to the 'incoming' vector 
bosons of the quasielastic subprocess. This brief argument illustrates that, by analysing 
the angular distribution of the decay products of the 'outgoing' vector boson and by 
moving onto the particle poles in the ti and Mj channels, it is possible to regain the usual 
on-shell vector-vector scattering amplitudes and, in particular, to isolate longitudinal 
vector-vector scattering. 

Let us finally return to the specific case of WW scattering. In section 3, as a first 
application of our formulae, we will be interested in the dependence on the Higgs mass at 
high energies. In the absence of the Higgs contribution, Q is replaced by 

r7-i{s,withoutHiggs) o "P ^ 
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Comparing Q with (fT^ one easily sees that the presence of the Higgs particle affects 
the dependence upon t: in the large t region the renormalizibility of the electroweak 
theory requires the amplitude to vanish, and it is the Higgs particle which cancels the 
constant term in square bracket term in (|T3|) . We illustrate this effect of the Higgs mass 
numerically in FigjH the ratio of ^ for the theory without Higgs vs. the theory with 
Higgs becomes large when t exceeds M^. For this plot we choose Mh = llSGeV, and 
the phase space integration covers the region ti,t2 ^ [—M^,—.01M^], 5i = ^^^j^^^, 

^2 = G [.025,. 1], G [400GeV,500GeV], S01234 e [400GeV, 750GeV] where 

S01234 = {p'a + ^12 + ^34)^- 

For a heavy Higgs it is instructive to consider also next-to-leading contributions to © 

which are suppressed by a factor It is these terms which will lead to a conflict with 
the unitarity bounds once the Higgs become too heavy. For the case of WW — > WW 
scattering we find: 



-^2-^4,-^6— ■^^^ luW , 
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s Ml - Ml, Ml - Ml, 



The analogous Higgs mass dependent next-to-leading expressions for two other processes. 
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Figure 4: The i dependence of the ratio of 



namely for WW —* ZZ scattering inside the 2^6 process 
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and for ZZ WW scattering inside ()12a|l are: 
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3 Unitarity Bounds 

As a first apphcation of our analytic expressions, we reconsider the derivation of unitarity 
bounds on the Higgs mass; in contrast to earlier discussions in the literature which did 
not include the photon pole we will examine the influence of the photon pole. As we will 
discuss in detail, our discussion will be much less rigorous than the traditional arguments 
based upon on-shell scattering. 

We start by showing, for on-shell vector-vector scattering, how the usual investigation 
of the fixed-angle limit can be carried out also in the Regge limit. Unitarity of the 2 — > 2 
scattering process is illustrated in Fig. The signs within the bubbles indicate on which 
side of the branch cut in the complex s plane the amplitudes has to be evaluated. A "+" 
marks the value above the cut, s +ie , a "— " below the cut, s —it . Projecting on the partial 
waves one arrives at the inequality: 
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Figure 5: unitarity of 2 — 2 scattering 
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(17) 

(18) 
(19) 



Lee, Quigg and Thacker jjlj have used this inequahty in order to derive, from the elastic 
scattering of longitudinal polarized W bosons, an upper bound on the Higgs mass. The 
/ = partial wave is obtained from the fixed-angle limit of the elastic scattering amplitude, 
and in the absence of a Higgs particle it has the form: 



Tr 



(withoutHiggs) 







For energies of the order y/s ~ Vo-J^^^ ~ 2.4TeV the inequality (jl9p is violated, and 
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2 c/„ 

the ly's start to interact strongly ^1]. Once the Higgs is included, the term proportional 
to s cancels. But even though the I = partial wave is no longer growing with s, this does 
not automatically imply that it is smaller than 1. Lee, Quigg and Thacker calculated the 
matrix element in the fixed angle limit using the equivalence theorem |21 E] and found 
that the 0th partial wave is proportional to the Higgs mass squared: 



(withHiggs) 
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1.2TeV. This bound can 



The inequality (HI) leads to the condition Mh < 8,/f ^ 
be made more stringent if the scattering channels ZZ and HH are included. One finds 
^ Mh < S-v/f""^^ ~ l.OTeV. In this discussion the photon exchange had not been 
included. As function of the scattering angle, the photon propagator goes like ~ jz^^, 
and the partial wave projection is not defined, unless the region ^ ~ is excluded. 

It is not difficult to derive the bound on the Higgs particle also from the Regge limit: 
s — s> oo, t fixed (i.e. 6' — 0). Instead of the partial wave we define the Fourier transform 
with respect to impact parameter 6: 
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IGtt^s 



(22) 
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Within this representation the unitarity relation can be simphfied in a way similar to the 
partial wave decomposition: 



(inel) 
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In the Regge limit the matrix element for W^W^ scattering without a Higgs contribution 
reads: 



y (withoutHiggs) 
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(25) 



Ignoring, for the time being, the photon pole, one sees that the violation of unitarity now 
arises due to the the large-t behavior: since in the 6-transform the g-integral can not be 
extended to infinity, we have to remember that — tmax = s — 4:M^. The b transform now 
grows with s and violates the unitarity bound. Once the Higgs is included the scattering 
amplitude takes the form 
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2M^ 
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The term proportional to s now vanishes as t becomes large. As a consequence, the q- 
integral converges, with the exception of the point 6 = 0: at this point the 6-transform 
grows as Ins/M^, but this contribution becomes significant only at energies much higher 
than the TeV-region and, in our discussion, can safely be neglected. For a heavy Higgs, 
however, the second term in (|26p becomes significant: the contribution from —t ~ s—4M^ 
exceeds unity unless the Higgs mass stays below the upper limit which is the exactly the 
same (cf. eq. (j?T|l ) one as the one obtained by Lee, Quigg, and Thacker. As in the fixed 
angle limit, the photon pole can not be included, since the b integral diverges at g = 0. 

Turning now to the off-shell scattering of vector bosons, we immediateley see that 
it is the tmin in eq.((H) which excludes the dangerous photon pole. The question we are 
interested in is the influence of the photon exchange on the unitarity bound of the Higgs 
mass. In order to derive a unitarity bound we have to consider the singularity structure 
of six-point amplitude T2^q in the energy variable s which plays the role of the energy 
of the WW scattering subprocess. The corresponding unitarity integral is illustrated in 
FigE 

Again, the '±' signs denote on which side of the branch cut the amplitudes have to be 
evaluated. The intermediate states on the rhs of the unitarity equation consist of stable 
particles. Since, in our off-shell discussion, the W boson has to be treated as unstable 
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Figure 6: unitarity of 2 — > 6 scattering 

, the sum over intermediate states has to extend over the stable decay products of the 
W boson, which, to lowest order, consists of a pair of leptons, (/z/). In our figure, we have 
marked the cut through the self energy by the a blob with a vertical cutting line. The W 
propagators on the rhs and on the Ihs of this cut blob contain the self energies, i.e. the 
poles are slightly off the real axis. While in the unitarity integral the decay products of 
the W boson are kept on-shell, their momenta are integrated over. As a result, the sqares 
of the four momentum of the W bosons, /c^2 — ~ ^2-> ^l^o vary. Moreover, 

they are real- valued and thus never reach the W pole in the complex plane. 

All this discussion applies to a situation where all orders in perturbation theory are 
taken into account. Our discussion is carried out in lowest order perturbation theory: in 
this approximation the W pole lies on the real axis, and intermediate state on the rhs in 
Fig. ini reduces to the W boson. Nevertheless, thanks to the off-shellness of the 'incoming' 
and 'outgoing' W bosons, tmin stays below zero, and the integration over the intermediate 
state momenta leads to logarithm of tmin- In order to be as close as possible to the realistic 
situation, we will chose /c^2 = = M| to differ from by a characteristic 

size TwMw 

In contrast to the 2 2 on-shell scattering it is not possible to derive, on general 
grounds, a rigorous inequality analogous to (fT^ or Since the scattering amplitude 

T2-,Q depends upon several energy variables with nonvanishing discontinuities, the dis- 
continuity in s does not coincide with the imaginary part. All we can say is that, in 
leading order in s/M^ and in Mf^/M^, the scattering amplitude of our process, T2^q, 
is real- valued; all energy discontunities are suppressed by one power in g"^. The imagi- 
nary part is a sum of energy discontinuities. Because of the linear independence of the 
different energy discontinuities, a large discontinuity in s can not be compensated by a 
discontinuity in another energy variable: a too strong growth of the discontinuity in s, 
therefore, should certainly be viewed as indicative of violation of unitarity. 

Furthermore, the 'inelastic' contribution on the rhs of the discontinuity equation 
(Fig. 6) for T2^6 can no longer be written as a sum of squares. Its contribution to the uni- 
tary sum could, in principle, have the opposite sign compared to the elastic intermediate 
state; this, however, would require a rather dramatic difference between the on-shell WW 
scattering amplitude and the off-shell situation. When starting from the l^-poles in the 
ti, t2, Mf, and M| channels, our T2^e amplitude contains the on-shell WW scattering 
amplitude which, in its own energy discontinuity, contains a positive inelastic contribu- 
tion. Moving away from these poles, the inelastic contribution to the discontinuity in s 
would have to decrease, pass through zero and become negative. This would be fairly 
strong variation. 

Finally a remark on the polarization. As we have discussed before, the 2 — > 6 amlitudes 
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on the Ihs of Fig. 6 contains both longitudinal and transverse polarizations of the produced 
vector bosons. By a suitable analysis of the angular distribution of the fermion pair one 
could isolate the longitudinal part; in our subsequent estimate of the effect of the photon 
pole we will not do this. On the other hand, in the intermediate states on the rhs of the 
unitarity equation in Fig. 6 , we will restrict ourselves to longitudinal polarized W bosons 
only. We expect that, as far as the unitarity bound for large Higgs masses is concerned, 
the neglect of the transverse polarized intermediate states which are not affected by the 
Higgs mass will be a small effect. 

Summing up this discussion, it seems plausible (but not proven) that we still can use 
the inequality 

T2^4^6(^)| > |T2^4(^)T2^2^4(fe)| , (27) 

where T2^4 denotes the process e"'"e^ UeW^W^Ue, and T2_^2-*4 stands for the process 
W^W£ uilil2U2. The 'impact parameter' vector b belongs to the exchange in the 
VTW^-subsystem. In the following we shall examine and numerically estimate the role of 
the photon pole in (j2Zj). 

The kinematic variables of the 2 4-process e^ipA)^' {vb) — ^ ^e{p'A)^L i'i^)^L i'l'2)^e{p'B) 
are the same as those of the 2 6-process, except for the outgoing states of the subsystem 
which are shown in figure [7| The momentum transfer t' in the WW subsystem is given by 
i' = q'^ = {qi — gi)^. The momentum transfer i" in the 2 4-process W^{qi)W£{q2) 
i^i{ki)lf{k2)l2 {k3)h'2{k^) is given by t" = if = (gi — (fci + ^2))^- The scattering amplitudes 
which enter the Ihs of ()27|) can be extracted from the corresponding 2 — > 6 process 
which are described in section 2. 




Figure 7: kinematics of T2^4 and T2^2^4 

Let us make a few remarks on the kinematics. First we notice that, on both sides of 
eq.(I2Z|), we have the denominators {U - M^), (t2 - M^), and (Mf - M^), (Mf - M^). 
It is convenient to define new functions T{h): 

r2_4-.6 =ktl - M^){t2 - Ml,){Ml - Ml,){Ml - M^)f2^4^6 (28) 

T2^4 =-^{ti - M^){t2 - M^)f2^4 (29) 
T2_2_4 ={Ml - M^){M^ - M^)f2^2^4, (30) 

where, for brevity, we have dropped the dependence upon b. Inserting these functions 
into (jTTj) we obtain: 

|'72_»4_^6| > |^-+4^-^2^4|- (31) 
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Following the discussion of the on-shell elastic scattering amplitude, we begin with the 
case where the Higgs particle is absent, and we ignore the photon exchange. We consider 
the point 6 = which is most sensitive to the large-t behavior. On the Ihs of (jHT|) we find, 
from the constant terms in ()13|). that the large-t region leads to a growth proportional 
to s/M^. Similarly, on the rhs both the first and the second factor grow as s/M^ and 
violates the inequality which follows from unitarity. Once the Higgs particle is included 
the growth proportional to s/M"^ disappears on both sides of (jHT|) . The Fourier transform 
to h space has to be done numerically; however it is not difficult to understand the general 
pattern by concentrating on those terms which become large as both Mh and s grow. To 
begin with the Ihs, the term proportional to Mfj leads to a contribution which is constant 
in s; its coefficient follows directly from (fT^ . Next, the Z exchange in (jH)) leads to a term 
which grows proportional to lnM|/s. Finally, the photon exchange yields an additional 
term proportional to Intmin/s as well as terms proportional to Intmin/M^ where tmin is 
given in (^. The coefficient of the terms proportional to Intern/ has a somewhat 
complicated form and has to be evaluated numerically. On the rhs we find, for each of 
the two scattering ampltitudes, four terms of the same kind. As a result, our inequality 
(13 1|) takes the form: 



^ (mIM^^ + cl{2M^ - Mlf In ^ + 44M^ In ^ + In ^ 

AZtx \ S S IVIu 



where 



( A/f2 I ^2 (2M^ - M| 2 1 Cin , ^ 1„ ^min A ,oo\ 

. _ (ti-M^)(t2-M^) _ {Ml - Ml^){Ml - M^) 

S S 

The three positive coefficients Ci have to be computed numerically: In each of the three 
factors, the main contribution comes from the first term proportional to Mfj-. if the other 
terms would be ignored, the Higgs bound would be the same as in the on-shell case. The 
terms ~ Intmin, are due to the photon exchange; for small tmin, they have the opposite 
sign and they tend to weaken the bound on the Higgs mass. 

Further results are obtained from a numerical analysis. By setting = | (see dis- 
cussion on page ^ we make the longitudinal component of the outgoing off-shell W^s 
maximal, i.e. we strengthen the sensitivity to the Higgs mass. Compared to the critical 
value of the Higgs mass, which is obtained in the on-shell analysis, 1234GeV, the bound 
in our off-shell analysis slightly increases up to the range between 1247GeV and 1252GeV 
(depending upon the values for \t2\, and 1^21 which are varied over the inter- 
vals described at the end of section 2). In the inequality (jS21), the contribution which is 

i" 

most sensitive to the photon exchange comes from the last term on the rhs oc In with 

'^min — ^^-^j^. For the considered ranges of 5i, 62 and s the parameter i'^^^ varies between 
.IGev^ and 2.6GeV^. The rather weak dependence of the critical Higgs mass on 61 and 
S2 is illustrated in Fig. |H1 
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We end this section by including into our numerical analysis the intermediate states of 
other weak vector bosons and of the Higgs boson. In the on-shell analysis, the bound on 
the Higgs mass becomes stronger once these vector and Higgs states have been included, 
not only in the intermediate states but also in the initial and final states. In our off-shell 
analysis we will not go quite as far, since different outgoing vector bosons also would affect 
the decays into fermion pairs. Instead, we stick to incoming and outgoing W^s, and we 
only include additional Z's and Higgs particles in the intermediate states: 



2^4- 



> 



;^iww);f-iww) 



_^(ZZ)^(ZZ) 
4 "T o ■'2^4 -'2^2-^4 "T 



1 



^2^4 ^2 



(HH) 
2^4 



(34) 



Here the upper indices refer to the particles in the (longitudinal) intemediate states 
e.g. 'T^^^f'' belonges to the process e"'"e~ v^Zi^Zi^Vf,^ whereas T^'^-^a, P^'^t of the 
process Zi^Zi^ z/i/^^/g z^2- The kinematic variables for the process e~^{pA)e~{pB) — ^ 



6-process, except for the 
q'' ^ (gi - q,f] 



Ue{p'j^)ZL{qi)ZL{q2)i^e{p'B) t^e same as those of the 2 

outgoing states of the subsystem (momentum transfer i' = q'^ = [qi — qiY) . The matrix 
elements can be extracted from the associated 2 — > 6-amplitude ()llaj) in the same way as 
in the WW —>■ WW case. In the same we derive from (jl2aj) the matrix element for the 
process ^^(51)^^(92) Mki)lt ih)^2 ih)^^^^) ■ 

The matrix element for the process e~^{pA)e^{pB) — * ^e{p'A)H{qi)H{q2)i'e{p'B) reads 
(momentum transfer i' = g'^ = (gi — gi)^): 



p{HH) 

-2^4 



2sr 



luW- 



gwM^ 



w 



it' 



g^Mw + 



9lM\ 



H 



2s 



luW- 



(35) 



The matrix element for the process H{qi)H{q2) i^i{ki)lf{k2)l2 (^3)1^2(^4) reads (mo- 
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mentum transfer i" = = [qi — [ki + k2)y'): 



rp(HH) _ 93 



1 2 I Lf/ JTZ 1 



2 ^ 



Mf - i" - M| - M2, 2S - M| - M^, 

(36) 

In contrast to the coupling of Z exchange to incoming W bosons, '^wz{w^uii+) ® ' 
analogous vertex for incoming Higgs bosons are very simple because in all non resonant 
diagrams the Higgs couple to fermions. These couplings are proportional to the fermion 
masses, and they can be neglected in comparison with the gauge boson masses. 

With the same kinematical parameters used before, in this extended analysis the 
critical Higgs mass lies between 1119GeV and 1126GeV, compared to the critical Higgs 
mass 1104GeV in the analogous on-shell analysis. The dependence upon s and 5i, 5i is 
very much the same as in the previous single-channel analysis. 



4 Conclusions 

We have calulated analytic expressions for the matrix elements of off-shell scattering of 
weak vector bosons in the limit of large center of mass energies. Our off-shell scattering 
amplitudes are derived from the process e^e~ —>■ Uei^i^t I2 ^"i^e in the multi-Regge limit. 
The expressions have a simple factorized form and can be used for further theoretical 
studies of W~^W~ scattering. We also have calculated the related matrix elements for 
vector boson scattering processes composed of the channels WW, ZZ, 77, WZ, W'j, Z7. 

As an application, we have re-examinded the derivation of bounds on the Higgs mass 
from unitarity. In contrast to on-shell scattering, our off-shell analysis allows to include 
the photon exchange. We have given plausibility arguments which have lead us to an 
inequality, derived from unitarity. Based upon this inequality we have examined the 
influence of the photon exchange on the upper bound of the Higgs mass. As a result we 
have shown that the photon pole tends to weaken the bound on the Higgs mass. We have 
demonstrated numerically that the shift of the mass bound due to the photon is small 
compared to the general uncertainty of the bound derived from lowest order unitarity 
contribution. 
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